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INTEGRAL PINCHED SHRINKING RICCI SOLITONS 


GIOVANNI GATING 


Abstract. We prove that a n-dimensional, 4 < n < 6, compact gradient shrinking Ricci 
soliton satisfying a L"^^-pinching condition is isometric to a quotient of the round S". The 
proof relies mainly on sharp algebraic curvature estimates, the Yamabe-Sobolev inequality 
and an improved rigidity result for integral pinched Einstein metrics. 
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1. Introduction 

In this paper we investigate compact gradient shrinking Ricci solitons satisfying a 
pinching condition. We recall that a Riemannian manifold is a gradient Ricci soliton 

if there exists a smooth function / on such that 

Ric + V^f = Xg 

for some constant A. The Ricci soliton is called shrinking if A > 0, steady if A = 0 and 
expanding if A < 0. The soliton is trivial if V/ is parallel. Ricci solitons generate self-similar 
solutions of the Ricci flow, play a fundamental role in the formation of singularities and have 
been studied by several authors (see H.-D. Cao [5] for a nice overview). 

We will focus only on compact Ricci solitons. It has been shown by G. Perelman [24] that 
there is no non-trivial compact steady and expanding Ricci soliton. In dimension three, T. 
Ivey [18] proved that the only compact shrinking Ricci solitons are quotients of with its 
standard metric. Dimension four is the lowest dimension where there are interesting examples 
of shrinking Ricci solitons. The first examples where constructed by N. Koiso [20] and H.-D. 
Cao [4] (see also [10, 26]). Note that all of the known interesting compact shrinking Ricci 
solitons are Kahler. 

In the last years there have been a lot of interesting results concerning the classification 
of compact shrinking Ricci solitons satisfying pointwise curvature conditions. For instance, 
it follows by the work of C. Bohm and B. Wilking [2] that the only compact shrinking Ricci 
solitons with positive (two-positive) curvature operator are quotients of S”. We have the 
same conclusion also in the locally conformally flat case [9] . Other rigidity results on compact 
shrinkers can be found in [11, 21, 6, 8, 27, 7]. 

In this paper we will show that quotients of are the only compact shrinking solitons 
satisfying an integral curvature condition. We observe that all the results apply also to 
complete (possibly non-compact) gradient shrinking Ricci solitons with positive sectional 
curvature, since O. Munteanu and J. Wang in [22] recently showed that these conditions force 
the manifold to be compact. 
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To fix the notation, we will denote by W, Ric and R the Weyl, traceless Ricci and scalar 
curvature respectively. Y(M, [i^]) will be the Yamabe invariant associated to {M^,g) and the 
norm of a (fc,/)-tensors T is defined as \T\g = . 

In dimension four we will prove the following L^-pinching result. 

Theorem 1.1. Every four-dimensional compact shrinking Ricci soliton satisfying 

[ \WfdVg+[ \Ric\^dVg < ^Y{M,[g]f 
Jm Jm 

is isometric to a quotient of the round S^. 

As a corollary, using a lower bound for the Yamabe invariant proved in [13], we get the 
following result. 

Corollary 1.2. Every four-dimensional compact shrinking Ricci soliton satisfying 

f \w\^dv, + jf \mc\^dv,<^f R^dv, 

Jm 4 Jj^ 48 

is isometric to a quotient of the round S'^. 

Remark 1.3. The pinching condition in Corollary 1.2 is equivalent to the following (see Sec¬ 
tion 4) 

/ + R^dVg <^7r\{M), 

Jm Jm J-u 

where x(M) is the Euler-Poincare characteristic of M. 

We notice that in Corollary 1.2 and Remark 1.3 we only have to assume the weak inequality. 
In fact, when equality occurs, we can show that [M^,g) has to be conformally Einstein, in 
particular Bach-flat, and using [6] the conclusion follows (see Section 4). 

Theorem 1.1 is the four-dimensional case of the following result which holds in every di¬ 
mension 4 < n < 6. 


Theorem 1.4. Let [M'^,g) he a n-dimensional, 4 < n < 6, compact shrinking Ricci solitons 
satisfying 



V2 

y/n{n - 2) 


Ric @g 





— 4)^(n — 
8(n - 2) 


1 ) 


\V{M)l < 


I n-2 
32(n - 1) 


Y{M, bl). 


Then {M'^,g) is isometric to a quotient of the round S"'. Moreover, in dimension 5 < n < 6, 
the same result holds only assuming the weak inequality. 


It is easy to see that, on a shrinking Ricci soliton of dimension n > 7, the pinching condition 
does not hold, since 

2 1 2 /* 1 
AR(M)n = -V{M)^ / RdVg > -Y{M,[g]). 

^ J M ^ 

The proof of Theorem 1.4 is inspired by the classification of Einstein (or locally confor¬ 
mally flat) metrics satisfying a L"'/^-pinching condition (see [16, 15, 13] and also [3]). More 

O 

precisely, we will use the soliton equation to obtain an elliptic PDE on Since every 

compact shrinking soliton has positive scalar curvature, the positivity of the Yamabe invariant 
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Y{M, [i^]) implies a Sobolev-type inequality on \Ric\ which, combined with the PDE, allows 
us to get a L”/^-estimate on the curvature on every non-Einstein shrinking Ricci solitons. In 
doing this, we will prove an algebraic curvature estimate (see Proposition 2.1) which holds in 
every dimension and was firstly observed in dimension four in [3]. The pinching assumption 
of Theorem 1.4 implies that the manifold {M^,g) has to be Einstein. To get the final result, 
one has to show that these Einstein metrics are actually of constant positive sectional curva¬ 
ture. It turns out that we cannot directly apply the result of E. Hebey and M. Vaugon [16, 
Theorem 1]. On the other hand, as already observed in their paper, one can improve the 
estimates using sharper algebraic inequalities on the Weyl curvature (see Lemma 2.3). To 
this aim, we will prove the following rigidity result for positively curved Einstein manifolds, 
which improves [16, Theorem 1] in dimension 4 < n < 6. 

Theorem 1.5. Let {M^,g) be a n-dimensional Einstein manifold with positive scalar curva¬ 
ture. There exists a positive constant A{n) such that if 

2 

< Ain)Y{M,[g]), 

then {M'^,g) is isometric to a quotient of the round S".IEe can take A{A) = ^(5) = 

" 5^’ " 20 {n-i) if7 <n<9 and A{n) = ^ if n> 10. 


2. Algebraic preliminaries 

To fix the notation we recall that the Riemann curvature operator of a Riemannian manifold 
{AI^,g) is dehned as in [12] by 

Rm{X, Y)Z = ^ySIxY — VxVy.Z -|- V [x,Y]^ ' 

In a local coordinate system the components of the (3,1)-Riemann curvature tensor are 
given by R\jk-^ = and we denote by Rijki = gipR^jk its (4,0)-version. 

Throughout the paper the Einstein convention of summing over the repeated indices will 
be adopted. The Ricci tensor Ric is obtained by the contraction {Ric)ik = Rik = g^^RijkU 

O 

R = g^^Rik will denote the scalar curvature and {Ric)ik = Rik — -Rgik the traceless Ricci 
tensor. The Weyl tensor W is then defined by the following orthogonal decomposition formula 
(see [12, Chapter 3, Section K]) in dimension n > 3, 

W = Rm - ^-^Ric(Bg - 

n — 2 2n(n — 1) 

where @ denotes the Kulkarni-Nomizu product which is defined as follow: let A, B two 
symmetric (0, 2)-tensors, then 

{A B^ijki AikBji AiiBjk AjkBii AjiBik. 

The Riemannian metric induces norms on all the tensor bundles, in coordinates this norm is 
given, for a tensor T = TT"A^ by 

\rp\2 _ qmi _ _ _ Jkmk„. rpji...jirpni...ni 

Pig—y g yjlfU • • • • 

In order to prove Theorem 1.4, we will use two algebraic curvature inequalities. The first 
one, which involves the Weyl curvature and the traceless-Ricci curvature can be viewed as a 
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combination of the algebraic inequality for trace-free symmetric two-tensors T = {Tjj} (for a 
proof see [17, Lemma 2.4]) 


\TijTjkTik\ < 

with Huisken inequality [17, Lemma 3.4] 


I n-2 
n{n — 1) 


\Tf 


kL ij j^i Rik Rj I 


< 


n — 2 


■\W\\Ric\ 


( 2 . 1 ) 


( 2 . 2 ) 


2(re- 1)' 

The following estimates was proved in dimension four in [3, Lemma 4.7]. 

Proposition 2.1. On every n-dimensional Riemannian manifold the following estimate holds 

1/2 o 


O O 2 , ^ ^ ^ 

^^ijklRikRjl “1“ "^RijRjkRik 


< 


n — 2 


ikkr + 


n(n — 2) 


2(n - 1) 

Proof. We follow [3, Lemma 4.7]. First of all we have 

o o o o o 

{Ric g'jijj^l {Rik9jl RilQjk RjlQik RjkQil) 

o o o o o o 

(yRic (^Ric^ijkl — ‘^{^RikRjl RilRjk^ • 

An easy computation shows 

o o ]_ o o 

^^ijklRikRjl — ~^^^ijkl{Ri^ ^^Ric^ijkl 

o o o 1 

RijRjkRik — R'^Cjijkl ‘ 

o 


\Ricf \Ric[ 


Hence we get the following identity 

2 o o o 


1 ° 


- WijkiRikRji + -^^-^RijRjkRik = “7 { kk^ + 7 — 7 -R/c @5 ) {Ric @Ric)ijki ■ (2.3) 


n — 2 


ijkl 


Since Ric @ Ric has the same symmetries of the Riemann tensor, it can be orthogonally 
decomposed as 

Ric @ Ric = T + V + U 

where T is totally trace-free and 

n O o 

-\Ric\‘^{g@g)ijki 


2 o 2 

Vijkl — n{R^^ ®9)ijkl H 7 I 

n — 2 n(n — 2) 


Uijkl 


1 


n{n — 1) 


\Ric\’^{g®g)ijki , 


where {Ric^)ik = RipRkp- Taking the squared norm one obtains 


= 8 |Rzc|'^ — 8 |iim 


2|2 


16 






\U\^ = 


8 


n(n — 1) 
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In particular, one has 


2 ^Ita|2 I Tj' 7^' 12 ^ ^|t/'|2 


\T\-^ + j\V\^ = \Ric@Ric{^+ 2 


\V\^-\U\^ = 


2 _ 8(n 2) ° ,4 


n — 1 


-|i?icp . 


We now estimate the right hand side of (2.3). Using the fact that W and T are totally 
trace-free and the Cauchy-Schwarz inequality we obtain 


1 


W + ^ _ ^ Ric @g ) {Ric @Ric)ijki 


/ ijkl 


W + ——@g j (T -|- V)ijki 


< 


W + 


w + 


V2 


y/n{n - 2) 

V2 


Vn{n - 2 ) 


_ 8(ra - 2) 

n — 1 

This estimate together with (2.3) concludes the proof. 


|IU|2 + 


ijkl 
o ^ 

Ric@g 

o ^ 

Ric@g 

8 

n(n — 2) 


ijkl 

2 


T + 




2 J ijkl 


(|r|2 + ^|y|2) 


) \Ric\^ . 


□ 


Remark 2.2. Notice that this estimate is stronger than the one obtained by using triangle 
inequality together with inequalities (2.1) and (2.2). 

We conclude this section with a second algebraic inequality on the Weyl tensor. Let T = 
{Tijki} be a tensor with the same symmetries as the Riemann tensor. It defines a symmetric 
operator T : A^(M) —> A^(M) on the space of two-forms by 

■ '^'^ijkl^ij 1 

with uj G A^(M). Hence we have that g is an eigenvalue of T if TijkiOJij = 2giujku for some 
0 7 ^ cj G K^{M) and we have ||T '||^2 = jlTp. 

Lemma 2.3. On every n-dimensional Riemannian manifold there exists a positive constant 
C{n) such that the following estimate holds 

1 -i 

klWipkqW^pjql —Wijkl^Vklpq^Vpqij < (7(71)111^1 . 

We can take (7(4) = (7(5) = 1, (7(6) = and C{n) = | for n> 7. 

Proof. First of all, simply by Cauchy-Schwartz, in every dimension one has 

1 5 o 

‘^^^ijkl^^ipkq^^pjql~k~W^ijklW^klpq^^pqij — ' 

In dimension n = 4, the sharper constant (7(4) = -^ was proved in [17, Lemma 3.5]. 

To get the estimate in dimension n = 5, we invoke the following algebraic identity which 
holds on every five-dimensional Riemannian manifolds (for instance see [19, Equation (A.3)]) 

W^ijklW^klpqW^pqij — ^^W^ijklW^ipkqW^pjql . 
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Hence, by Cauchy-Schwartz, in dimension re = 5 one has 

1 „ 

kl^^ipkq^^pjql “ 1 “ '^^^^ijkl^klpq^^pqij — ^^ijkl^^klpq^^pqij ^ • 

Finally, to obtain the estimate in dimension re = 6 we proceed as in [17] using an idea of 
S. Tachibana [25] and define for some fixed indices p,q,r,s the local skew symmetric tensor 
0 . = {^<f’■■)} by 

• — ^^iqrsQjp “t“ ^^pirsQjq ^^pqisQjr H“ ^^pqriQjs 

jqTsQip ^^pjrsQiq ^^pqjsQir ^^pqrjQis • 

Then a simple computation shows that 

2WijkiWipkqWpjqi + \WijkiWkipqWpqij = ( 2 - 4 ) 


|w |2 = 8 (re- 1 )| 1 H|^ 

Now if we denote by // the maximum eigenvalue of W, since VF is trace-free, it follows from [17, 
Corollary 2.5] that 






re(re — 1) 


("- 2 )(" + 1).|VF|3 


re(re — 1) 


and we obtain 


‘^^^ijkl^^ipkq^pjql “ 1 “ kl^^klpq^^pqij ^ 2 


1 /(re-l)(re- 2 )(re + l) 3 


re 


[IFr 


Substituting in dimension re = 6 , we get (7(6) = 


□ 


3. Proof of the main theorem 

In this section we will prove Theorem 1.4. Let (M"", g) be a re-dimensional compact gradient 
shrinking Ricci solitons 

Ric + VV = Xg 

for some smooth function / and some positive constant A > 0. First of all we recall the 
following well known formulas (for the proof see [9]) 


Lemma 3.1. Let {M^,g) he a gradient Ricci soliton, then the following formulas hold 


Af = nX — R 

(3.1) 

AfR = 2XR-2\Ric\‘^ 

(3.2) 

^fRik = 2XRik — 2 WijkiRji 

(3.3) 

+ (^ l)(re nRRik + 2{n l)RijR\ 

- (re - l)\Ric\‘^gik) , 

where the Af denotes the f -Laplacian, Aj = A — Vy/- 
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In particular, using Rij = Rij — ^Rgij and the fact that 

O O O 3 9 2 q 

RijRjk^ik — RijRjkRik “ 1 “ 2 ^ 

a simple computation shows the following equation for the /-Laplacian of the squared norm 
of the treceless Ricci tensor 


Lemma 3.2. Let {M'^,g) be a gradient Ricci soliton, then the following formula holds 

4 1 ° ° 2(n-2) 


-Af\Ric\^ = iVRzcl"* + 2X\Ric\^ — IWijkiRikRji + ——^RijRjkRik — ZRZ - -j^RlRicl"^ 


n{n — 1) 


Moreover, it follows immediately from equation (3.2) and the maximum principle that every 
compact shrinking solitons has positive scalar curvature (see [18]). 


We will denote Y{M, [g'j) the Yamabe invariant associated to {M'^,g) (here [g] is the con¬ 
formal class of g) defined by 


y{M, bi) 


- inf -^^ —7—rn - 

n-2 «elVl.2(M) (^-2)7^4 


It is well known that, on a compact manifold, Y (M, [g]) is positive (respectively zero or nega¬ 
tive) if and only if there exists a conformal metric in [g] with everywhere positive (respectively 
zero or negative) scalar curvature. Then, every compact shrinking soliton has positive Yamabe 
invariant Y{M, [g'j) > 0, so for every u G lY^’^(M) the following Yamabe-Sobolev inequality 
holds 


n — 2 
4(n — 1) 


Y{M, [g]) 




n — 2 

71 


< 



\Vu\'^dVg + 


n — 2 
4(n — 1) 



Ru'^ dVg. 


(3.4) 


Now, let us assume that 4 < n < 6 and {M^,g) satisfies the integral pinching condition as 
in Theorem 1.4 


7 

Jm 


W + 


V2 


y/n{n - 2) 


Ric @g 


nl2 


dV, +4 


' (n — 4)2(n — 1) 
8(n - 2) 


AY(M)" < 


I n-2 
32(n- 1) 


y(M, 


with V{M) := fj^dVg. From Lemma 3.2 we have 


^ o o o 


-A/|Ric| = jVRicj -|- 2A|ffic| — 2WijkiRikRji + -—^RijRjkRik — 


(3.5) 

- 2 ) oi ° i 2 


n(n — 1) 


R\Ricf . 


o o o 

Using Kato inequality (jVRzcp > |V|Ric|p at every point where jRzcj / 0) and Proposi¬ 
tion 2.1 we obtain 


0 > - + |V|ffic|7 + 2A|ffic7 


2 (n - 2 ) 
n — 1 


|iup + 


8 


n{n — 



1/2 


\Ric\^ 


2(n 

n{n 
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Integrating by parts over M” and using equation (3.1) it follows that 


0 > - 


1 [ \Ric\‘^AfdVg+ [ \V\Ric\\‘^dVg + 2X [ \Ricf 

2 Jm Jm Jm 


dVn 


2(n - 2) 


n — 




+ 


\Ric\^] \Ric\^dVg- 


n{n — 2) 


1/2 


:„\2 


2(n - 2) 
n(n — 1) 


R\Ric\‘^dVg 


'M 


n — 4 


= / iVlRicW^ dVg -A / \Ric\‘^dVg 


IM 


2(n-2) r 

n-l Jm 


2 Jm 
|2 


ivhr + 


n{n — 2) 

O 

Using inequality (3.4) with u := \Ric\ we get 
n — 2 


1/2 


\Ric\‘^ ] \Ric\‘^ dVg + [ R\Ricf dVg 


2n{n — 1) 


IM 


0 > 


4(n — 1) 


Y{M,\ 


'M 


O 2n 

\Ric\ "-2 dVg 


2{n-2) r 

n-l Jm 


|iup + 


n{n — 2) 

From Holder inequality, since A > 0 and n > 4, we obtain 


n — 4 f ^ ^ 

A / \Ric\UVg 

^ Jm 

O /yn 4i^ f ° 

\Ric\^ \Ric\^ dVg + / R\Ric\^ dVg 


0 > 




IM 


4n(n — 1) 


|IU |2 + 


'M 


Ifficp ) dVg 


n{n — 2) 




® 2n 


'M 


\Ric\"-2 dUy + 


(n — 4)^ 
4n(n — 1) 


'M 


R\Ric\‘^dVg. 


Thus, either \Ric\ = 0, i.e. {M^,g) is Einstein, or the following estimate holds 

2 ;_ ,_ 


IM 


|IU |2 + 


8 


\Ric\^ ) dVg 1 +1 


n/4 


n{n — 2) 

Since W is totally trace-free, one has 

V2 


W + 


y/n{n - 2) 


Ric @g 


' (n — 4)2(n — 1) 
8(n - 2) 


= |IU |2 + 


AU(M)n > 


\Ric\" 


I n-2 
32(n - 1) 


y(M, 


n(n — 2) 


and the pinching condition (3.5) implies that {M'^,g) is Einstein. Moreover, observe that in 
dimension n = 5,6, we get the same conclusion if we assume just the weak inequality in (3.5). 
Since g is Einstein, by Obata Theorem [23] one has that s' is a (the) Yamabe metric of [s], 

i.e. 

Y{M,[g]) = U(M)^ [ RdVg. 

Jm 

Moreover, integrating equation (3.1) one has 

AU(M)n = -V{M)^ [ RdVq = -Y{M,[g]). 
n Jm n 


3 |tO 
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Hence, the pinching condition (3.5) implies 



\W\^dVg 


< 


8n — n? — 8 
An^j2{n - l)(n - 2) 


y{M, b]). 


(3.6) 


To conclude the proof of Theorem 1.4 we need to show that an Einstein manifold of dimension 
4 < n < 6 with positive scalar curvature and satisfying (3.6) must have constant positive 
sectional curvature. This is the content of the next theorem. It is sufficient to observe 
that the pinching constant in (3.6) is strictly smaller than the one in the following theorem 
whenever 4 < n < 6. The next result is Theorem 1.5 in the introduction. 


Theorem 3.3. Let be a n-dimensional Einstein manifold with positive scalar curva¬ 

ture. There exists a positive constant A{n) such that if 

< A{n)Y{M,[g]), 

then {M'^,g) is isometric to a quotient of the round S".lEe can take A{4) = A{5) = 

" 5 ^’ " 2 ^^ if7 <n<9 and A{n) = ^ if n> 10. 

Proof. Following the proof in [16], by Bianchi identities and the fact that g is Einstein, one 
can prove that the Weyl tensor satisfies the following equation (see [16, Equation (5)]) 

2 / 1 
^^Yijkl — ^ {‘^^Yipkq^Ypjgl T klpg^Ypqij 

Contracting with Wijki, we get 

^Ajiyp = |Viy|2 + ^R\W\^ - 2 (2WijklW,pkgWpjql + ^W.jklWklpgWpqy . 



Integrating on M"', using again Kato inequality and Lemma 2.3, one obtains 

0> / \V\WfdVg + - [ R\W\UVg-2Cin) [ \WfdVg, 

JM Jm Jm 

where C{n) is dehned as in Lemma 2.3. Using Holder inequality and (3.4) with u := \W\, we 
get 

2 n — 2 

2 


0> / \V\W\\^dVg + - R\W\‘^dVg-2C{n) ( |lU|^dUg 

Jm ki \Jm 


Im 


2n 

\W\^dVg 


> [ \V\W\\^dVg + - [ R\W\‘^dVg 

Jm ^ Jm 


- 2 


C{n) 


Y{M, 


Im 


m'^dVg 


4(n — 1) 
n — 2 


/ MW\\^dVg+ / R\W\UVg 

Im Jm 


Now by assumption one has 


'M 


\W\^dVg) < Ain)Y{M,[g]) 
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It then follows that \W\ = 0, so g has constant positive sectional curvature, if A(n) satisfies 
the following inequalities 

(2C{n)A{n) < ^ 

\2C{n)A{n) < f . 

Since C(5) = 1, (7(6) = and C{n) = | for n > 7, it is easy to see that we can take 

, A(5) = A( 6 ) = A{n) = 20 ^ 31 ) if 7 < n < 9 and A{n) = ^ if n > 10. This 

concludes the proof of the theorem when re 7 ^: 4. 

In dimension re = 4 we can improve the estimate by using the following refined Kato 
inequality proved in [14] (see also [3, Lemma 4.3]) which holds on every four-dimensional 
Riemannian manifold with harmonic Weyl tensor (in particular if g is Einstein) 

iVITp > ^|V|IT||2. 

Hence reasoning as before, we have 

0 >|/ MWfdVg + ll R\W\^dVg 

-J Jm ^ Jm 

- 

Hence, we need 

f2C'(4)A(4) < ^ 

\2C'(4)A(4) < 1. 

Since (7(4) = ^ we obtain ^4(4) = □ 

Remark 3.4. As already observed in the introduction, this result was proved in [16] with a 
slightly stronger pinching assumption in dimension 4 < re < 6 . In particular, in dimension 
re = 5, their theorem does not apply under condition (3.6). 


4. Four dimensional shrinking Ricci solitons 


In this section we will prove Corollary 1.2 and Remark 1.3. Let (M^, g) be a compact four¬ 
dimensional Riemannian manifold. First of all we recall the Chern-Gauss-Bonnet formula 
(see [1, Equation 6.31]) 



^27t\{M) . 


(4.1) 


If we denote with ( 72 (A) the second-elementary function of the eigenvalues of the Schouten 
tensor A := ^ i^Ric — ^Rg'), it is easy to see that 

and the Chern-Gauss-Bonnet formula reads 

[ lITl^dH^ + ie [ a2{A)dVg = 327r\(M). 

JM J M 
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By the conformal invariance of the L^-norm of the Weyl tensor in dimension four, it follows 
that the integral of cr 2 {A) is conformally invariant too. To prove Corollary 1.2, we need the 
following lower bound for the Yamabe invariant which was proved by M. J. Gursky [13]. Since 
the proof is short, for the sake of completeness, we include it. 

Lemma 4.1. Let he a compact four-dimensional manifold. Then, the following esti¬ 

mate holds 

Y{M,[g]f> 96 [ a 2 {A)dVg = [ dVg - 12 [ \Ric\‘^ dVg . 

Jm Jm Jm 

Moreover, the inequality is strict unless {M^,g) is eonformally Einstein. 

Proof. We solve the Yamabe problem in [51]. Let g G [5^] be a Yamabe metric. Then 



= 96 [ a2{A)dVg = 96 [ a2{A)dVg, 

Jm J m 

where in the last equality we have used the conformally invariance of <72 (A) dVg. The 
equality case follows immediately. □ 

From this lemma we get 

[ \W\^dVg+[ \Ric\^dVg-^Y{M,[g]f < [ \W\^ dYg+^f \Ric\^dVg-^[ R^dVg. 
Jm Jm 48 4 48 Jm 

Moreover, the inequality is strict unless {M‘^,g) is conformally Einstein. In the first case. 
Theorem 1.1 immediately implies Corollary 1.2. In the second case, the fact that g is con¬ 
formally Einstein, in particular, implies that {M^,g) is Bach flat (see [1, Proposition 4.78]). 
Since is compact, by a result of H.-D. Cao and Q. Chen [6] it follows that {M^,g) has 
to be Einstein. Eollowing the proof of Theorem 1.4, we can see that the pinching condition 
together with Theorem 3.3 concludes the proof of Corollary 1.2. 

Einally, observe that by the Chern-Gauss-Bonnet formula (4.1), the right-hand side can be 
written as 

[ \W\^dVg+l[ \Ric\^dVg-^[ R^dVg = ^[ \W\^dVg+^[ R^ dVg-207r\{M). 
Jm 4 Jm 48 Jm o Jm Jm 

This proves Remark 1.3. 
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